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Abstract. The present study focuses on the fundamental physical principles underlying the exchange
interactions between two metallic centers in magnetic insulators. Using the variational method in
conjunction with the Heisenberg model, we demonstrate that the exchange symmetry is tightly related to the
magnctism of the considered system and that the clectrons’ distributions atfect the corresponding exchange
interactions.

1. Introduction

Exchange interaction theory have played a crucial role in the advancement of the quantum theory of
solids and it has been an extensive subject of studies in many areas of physics, such as atomic physics and
magnetism [1-6]. Exchange interactions have no classical analog and are invaluable source of insight
in microscopic effects. They can be used to address the magnetism of molecular magnets [7-9], low-
dimensional systems [10-12] and other magneto-related effects [13-15], including magnetic resonances
at visible light frequencies [16, 17].

Owing to the chemical composition of magnetic compounds and thus the associated interatomic bonds,
the exchange mechanism may be either direct or indirect. Direct exchange is encountered in the absence
of intermediate bonding atoms, with Hz and O, being typical examples [18, 19]. Apart form the metallic
bonding, the indirect exchange take place solely mediated by non-magnetic atoms, like in Mn based
complexes [20,21]. It includes the subgroup of superexchange and double exchange mechanisms [22].
Those refer to compounds consisting of metallic centers characterized by the same and different valence,
respectively. In other words, the superexchange mechanism applies to insulators (such as Pb3Cuz(POy),
illustrated in figure 1) and the double-exchange one to semiconductors. In metallic compounds both direct
and indirect mechanisms are present.

The present paper discusses the basic physical principles underlying the magnetic exchange effect in
insulators and demonstrates how exchange interactions are affected by valence electrons distributions.
To this end, we use a spin-half dimer unit with identical metal centers, where on one hand the electrons
are taken as localized to a large extent occupying atomic states and on the other as delocalized occupying
molecular orbitals. In both cases, we use the Heisenberg Hamiltonian to derive the explicit representation
of the corresponding exchange coupling and discuss of the resulting expressions.

2. Two-electron approximation
In order to demonstrate the relation of exchange symmetry to magnetism, we consider a magnetic unit
that may be described by a two-electron system. Prominent candidates are compounds consisting of
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Figure 1. Structural fragment of the magnetic insulator Pb3Cu3(PO4)s. The magnetic properties are
governed by the superexchange via the oxygen atoms. For brevity the Pb atoms are not illustrated.

isolated pairs of indistinguishable spin-half metallic centers or represent a dimeric single molecular
magnets. Such units exhibit a single magnetic excitation and a plateau in the magnetization, see for
example copper based materials [23-26]. Their magnetic properties are studied within the adiabatic
approximation and negligible hyperfine magnetic interactions. Thus, they are viewed as non-relativistic
multi-electron systems composed of N valence electrons, with N-2 distributed over (N—2)/2 singlet pairs
without affecting the correlations between the remaining two electrons. Moreover, in the zero-field case
the contribution of all N2 electrons’ dipole magnetic moments to the system’s magnetic properties may
be ruled out. As aresult, the spins of (N~1)-th and N-th electrons are thought to govern the corresponding
low-temperature and zero-field magnetic properties.

2.1. The semi-classical Hamiltonian

In the system under consideration all bonding processes are governed by the electron-electron and
electron-nuclei Coulomb interactions. All fine and hyperfine magnetic interactions are negligible and
hence in the two electrons’ approximation the canonical Hamiltonian reads

-2 )
~ P P 5 oA N 5 i
A==, 0 +Ko+R(7N—1,N)+V(TN—l,rN)+ZU(rq,N—1,rq,N)+ZU(rq). (1)
2me,  2m,

where for i = N—1,N, p; is the i-th electron’s momentum operator, m, is the electron’s rest mass,
K, = K, is the average kinetic energy of all N-2 electrons, R(ry_;,n) accounts for the repulsion between
(N = 1)-th and N-th electrons, V(ry-1,7n) takes into account the interaction of (N - 1)-th and N-th
electrons in the averaged field induced by the remaining N — 2 electrons, U(r,, N-1,Tq,n) is the potential
energy operator accounting for the interaction of both electrons with the n nucleus and U (rg) = U(ry) is
the averaged energy of the interaction between the 7 nucleus and all remaining N — 2 electrons. Here,
I'N-1,N = [fn-1 —rN| and ry; = [r; —1rpl, where for i = N—1,N, r; = (x;, y;,2;) is the position vector of
the i-th electron, with r; = |r;| and r;, is the position vector of the 7 nucleus. Notice that, since we work
in the adiabatic approximation, all nucleus-nucleus interactions are excluded from (1).

To compute the energy spectrum of Hamiltonian (1) we apply the variational approach with state
functions depending on the total spin sy-;,y and magnetic m N-1,~ quantum numbers of the electron pair
formed by (N — 1)-th and N-th electrons.

2.2. The effective spin Hamiltonian
The considered system is fully isotropic. Therefore, to reproduce the variational energy spectrum obtained
via (1) and describe the relevant magnetic features, we employ the Heisenberg model

H=c]8 -8, (2)

where ¢ = £1, J is the corresponding effective exchange coupling and §; = (81)qex, with i = 1,2 and
K = {x, y, 2}, is the spin operator of the i-th effective spin-half metal center.
The total spin s = 1 and magnetic —s < m < s quantum numbers are good quantum numbers, with
s=sy-1,nv and m = my-;,n. Hence, Hamiltonian (2) satisfies
2s(s+1)—3

H\s,m) = Es,mls, m), Esm=c]———, Vm. 3)

o
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In the case of triplet ground state ¢ = —1 and for singlet one ¢ = 1.

3. Atomic and molecular states

To study the mechanisms of electron exchange one has to account for the peculiar features of the
considered compound, such as type and number of bonded atoms, their arrangements and other properties.
Accordingly, the electrons may be considered as localized or delocalized. Localized to a large extent
electrons can be approximately described by atomic-like states. Delocalized electrons occupy molecular
orbitals.

3.1. Atomic-like states
An atomic-like state of the i-th electron, with i = N -1, N, is given by

vl m @) = [ vl (@)imy, (4)
aek

where m; = i% is the corresponding spin-magnetic quantum number and 7; , labels the principal atomic
shell and subshell the i-th electron occupies. Therefore, if the N-th electron occupy the 2p, orbital on the
2-nd metal center, then its distribution around the associated nucleus is described by the state 1//2 my TN
where T2 — 2p,. With respect to a particular value of 7, the state functions (4) are orthonormal On
the other hand, for different atomic centers they overlap. The overlap integral between two atomic states
of the same orbital symmetry reads

Oriytiy = f VL ODYT, o, €)dEs,  0<pr, <1 (5)

3.2. Molecular orbitals
Molecular orbitals are constructed as linear combinations of the atomic states (4). By analogy to atomic
orbitals, molecular orbitals are distinct by energy, symmetry and describe the electrons’ distribution
within the considered molecule or chemical complex.

Let n € N indicates the number of each molecular orbital with respect to its energy, such that the
lowest value of n corresponds to the most energetically favorable one. Therefore, we represent the n-th
molecular orbital occupied by the i-th electron by

Gy (6) =D CqWT , (X3), (©6)
n

where the coefficients cZ are functions of the overlap integrals between the atomic-like states, see (5).
Hence, in contrast to (4), the states in (6) form an orthonormal basis set.

4. Localized electrons

4.1. State functions

The metal centers are indistinguishable, thus Tx_1,; = Tn,2 — A, where A indicate the occupied atomic
shell and subshell. Further, in constructing the total state we exclude the case when the (N - 1)-th and
N-th electrons reside on the same metal center, since according to the Pauli exclusion principle the
electrons would be paired in singlet and the probability of observing a singlet-triplet transition equals zero.
Therefore, accounting for all four Slater determinants and considering the constructive and destructive
superpositions between the determinants with my_; = % my = —% and my_; = —%, my = % as a general
expression for the total state we get

W m(rn-1,1N) = \/1_( P En-DY P ) + DY P vy aew) s, m), (7)

where we use the bra-ket notation (4) and f; = (1 + (=1)%p?), with py; — o since in the considered
system the A orbitals are unique. The spin component of the state function (7) is symmetric for s = 1
and antisymmetric for s = 0.
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4.2. Key integrals
Let us present the four expectation values of (1) that describes the long-distance physics of the effective
spin model (2). These are: The energy of the system when both electrons reside on the same metal center

= f P4 en-DF) (en) By (en- 1)y (en)dry- dry (8a)

and the energy associated to the case when the N-th electron hops between both ions,

ffw(”(rN VP 8 By ey-0y P (en)dry-dry. (Bb)

Further, we have the energy in the case the (N — 1)-th electron reside on the 1st metal center and the N-th
one on the 2nd metal center, or vice versa,

f f # en-0F Y o) Ay ey )y (en)dey- dry (8¢)

and the energy of the direct exchange between both electrons

d= ffwﬂ”(rzv DF ) By (en- vl ey)dey-dry. (8d)

As we have discussed above, within the atomic state approximation, the probability of observing
magnetic transition when both electrons reside on the same metal center is zero. Therefore, the probability
of measuring the energy values (8a) and (8b) is also zero. It is then clear that the exchange coupling in
(2) will depend only on the expectation values (8¢) and (8d).

4.3. Exchange coupling
The energy of triplet and singlet spin levels are calculated as expectation values of the Hamiltonian (1)
with respect to the triplet and singlet functions (7). We have,

Es,mzf \i’s,m(rN—l,l'N)I:I\ps,m(rN—l»rN)drN—ldrN, )

where (m, s|s’,m') = 6396 m. Since Hamiltonian (1) is spin independent, over the expectation values
(9) we construct an effective Hamiltonian which is diagonal in the spin space, satisfying
S
Hetls,m) = Eqmls,mb, Eqm= %, v m. (10)

The overlap integral is usually small and the system’s ground state depends mostly on the sign of v
and d. Thus, when v >0 and d > 0, the kinetic and repulsion terms in (1) outweigh the attraction terms
and hence the ground state is triplet. As a result, in the Heisenberg model (1), we have ¢ = —1.

Henceforth, we assume that the Coulomb attraction potentials dominate. In other words, we have v < 0
and d < 0 which in turn leads to a singlet ground state. Therefore, as the Heisenberg spectrum (3) and the
variational one (10) describe the same energy transition, we have &) ,, — 80,0 = E1,;m — Eo,0. Where within
the considered ground state ¢ = 1. Consequently, for the exchange coupling we obtain

Id |- vlp?
1-p*
The last relation demonstrates how the magnetic exchange effect depends on the direct overlap between
atomic-like states of both electrons. When the metal centers are indirectly coupled the overlap integral
@ — 0, the integral (8d) vanish and so does the exchange coupling (11). Therefore, the atomic state

approximation is not consistent with the concept of indirect interactions between metal centers. The
adequate approach is to consider the clectrons as delocalized.

J= (11)
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Figure 2. Heisenberg energy spectrum (3) in case of: (a) localized electrons with exchange coupling (11);
(b) delocalized electrons with dominated kinetic terms with J; given by (20); (c) delocalized electrons
with superexchange coupling J, given by (19).

S. Delocalized electrons

5.1. State functions

Assuming that the electrons in the considered system occupy the molecular orbitals (6), we get (N —2)/2
core and 2 active orbitals. The core molecular orbitals represent all N —2 singlet pairs. Both active
molecular orbitals, accordingly (n - 1)-th and n-th, are the highest in energy and may be occupied by the
(N = 1)-th and N-th electrons. As an additional approximation, we assume that both active orbitals have
the same energy.

To obtain a general expression for the two-electron state functions we consider two cases. First, at
singlet and triplet states the (N —1)-th and N-th electrons occupy distinct molecular orbitals. Second,
both electrons occupy the same molecular orbital. In the first case, the state is build up form four
Slater determinants such that the non-magnetic triplet and singlet states are given as a superposition
of determinants with mpy_; = % my = —% and my_; = —%, my = % Thus, with respect to (6) and the
bra-ket notation (4), by analogy to (7) we have

Wom@N-1,1N) = 75 (Pn-10ON-DPn(EN) + (=) Pn(En-1)pp-1 @tN))I5, m). (12)

For the second case, due to the Pauli exclusion principle, the determinants associated to the triplet

states vanish. Then, we end up with the constructive and destructive superpositions of singlet states of
the (n — 1)-th and n-th orbitals

Vet iyl = %(‘Pn—l(rN—l)(,bn—l(l'N) +Pn(tN-1)Pn(Xn))ls, m), (13)

The functions (12) and (13) form an orthonormal basis set that accounts for all spin-orbital configurations.

5.2. Key integrals

Writing down the four integrals analogous to (8), we have to bear in mind that (72—1)-th and n-th molecular
orbitals are of the same energy. Therefore, we have two integrals favoring exclusively the singlet ground
state. The single orbital integral

U:ff(/—)n(l'N—l)(Z)n(rN)f{(pn(l'N—l)(»bn(rN)drN—ldrN» (14a)

and
T=f GnEN-1)Pn(CN) Hp(rn-1)pn-1 (tn)dry_ dry, (14b)
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describing the case when the N-th electron hops between n-th and (n—1)-th molecular orbitals. The other
two integrals are

V:ff‘Z’n—l(rN—l)(,Bn(l'N)g(Pn—l(rN—l)(Pn(l'N)dl'N—ldrN» (14c¢)

corresponding to the case with both electrons occupy different molecular orbitals and

D= f f Grn1 NP (eN) Hpy (bN-1) by (rn)dry_ 1 dry, (14d)

associated with the direct exchange of the electrons.

Integrals (14a) and (14b) are not zero only when the electrons’ spins are antiparallel, see (13). Hence,
they favor singlet ground state where the dimer resemble a closed shell system. The other two integrals,
(14c) and (14d), conserve the number of active orbitals at singlet state, see also (12). Accordingly, they
may favor either a parallel and antiparallel ground state spin configuration.

5.3. Exchange coupling
In constructing the variational energy spectrum of Hamiltonian (1) under the functions (12) and (13), we
obtain the following expectation values

f WomEN-1,tN) HY s pm(rn-1,rn)dry_1dry = V + (=1)°D, (15a)
ff VN1, EN) HYE , (En-y, ty)dry- 1 dry = 8o5(U + D), (15b)
ff \i’s,m(rN_l,rN)ﬁ‘l’:‘m(rN_l,rN)drN_ldrN =260sT, (15¢)
ff W mn-1,tn) HY G, (tn-1,rN)dry-1dry =0, (15d)
ff\P;’,m(rN_l,rN)FI‘P;m(rN_l,rN)drN_ldrN =0. (15¢)

Due to the existence of multiple spin-orbital configurations the singlet sates Woo(ry-1,ry) and
Wi orn-1,ry) mix, see (15¢), yielding to a non-diagonal matrix representation of the corresponding

effective Hamiltonian Heg.
Now, working with the diagonal effective basis, we get

Herrl Q) = ESm 105,
where n; indicates the zero field degeneracy of the spin levels and

E) =V-D,  m=0,%l, (16a)

U+Vv U-V)?
5813=D+——\/4T2+—-—( i (16b)
: 2 4
U+Vv (U-V)? ,
Ef) =D+ 5 +\/4T2+—4—, EQ)=U-D. (16¢)

Hence, the states |Q(1),0>’ |Q%,0) can be represented as a linear combination of the sin glets [Wo0) and I‘I’a 0

The energy spectrum (16) is not compatible with the Heisenberg one (3), since the latter has a unique
singlet level. In order to obtain the exchange coupling as a function of (14) we have to exclude two singlet
energy values from (16). These are (16¢) since for either positive or negative integrals (14) the singlet
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energy (16b) always takes minimal values. Therefore, the final variational energy spectrum is build up
form the energy values (16a) and (16b) such that the corresponding effective Hamiltonian, denoted by
Hef, satisfies

4T2 -

v)?
B +615(V-D), Y m. (17)

Heggls, m) = E jnls, m), Egm=00s| D+

Within our approximations, the energy spectrum (3) and (17) have to describe the same energy
transition and thus magnetic excitation. Since independently of the sign of (14) the ground state is singlet,
we consider two cases:

(1) Integrals (14) take negative values. As a consequence, for the exchange coupling in (2), we obtain

- Vi-1U))?
]=2|DI+E]¥+2\/|T[2+(III—E|S’), (18)

where ¢ =1 and for example D = —|D|.

As it was pointed out at the end of section 5.2, the integrals U, T and V, D refer to different spin-
orbital configurations and hence electrons’ distributions. Within (18) the quantities U, T are related to the
state I‘Pg‘o). The other singlet state | W) corresponds to the functions D and V. When the sates [Wo.0)
and I‘I’&O) are not superposed and the spatial distribution of (N — 1)-th and N-th electrons is such that
Ul > |D|,|V| and |U| > |T|, expression (18) can be simplified by perturbing over the value of |T|/|U].
Taking into account only the first two terms in the series. we get

J=|Ul+4|T? U™ (19)

Therefore, the effective spin-spin interaction is strong since at the singlet level both electrons may have
the same spatial distribution.

When both electrons do not occupy the same molecular orbital, there is no superposition and the
integrals (14a), (14b) vanish. In this case (18) is twice the direct exchange integral’s absolute value
J =2|D|. Here both electrons do not occupy the same region of the three-dimensional space and the
effective spin-spin interaction is weaker.

(2) Integrals (14) take positive values. In other words the kinetic and repulsion terms in (2) dominate.
Here, only the sign before first two terms in (18) changes and similarly to (19) the inequalities U > D, V
and U > T hold. Thus, perturbing over the ratio T/U, we get

J=4T*U™L. (20)

In this case, the effective interaction between both spins is less stronger than that defined by (19), since
the electrons have greater kinetic energy, see figure 2. Accordingly, the bond lengths between constituent
atoms and bond angles would be different, see for example the Goodenough-Kanamori-Anderson rules
[27-30].

6. Conclusion

We discuss the origin of magnetic exchange between two metal centers in insulators and demonstrate how
it depends on the distribution of the valence electrons. To this end we apply the variational approach in
conjunction with the Heisenberg Hamiltonian. In the case of localized electrons (4), the direct overlap
and thus the exchange coupling vanish, see (11) and figure 2. As a result, the magnetic properties may be
governed by the individual spin magnetic moments and depending on the local orbital contribution the
single-ion anisotropy may rise as a dominant effect. Therefore, except the cases of covalent bonds or those
of isolated coordination complexes, the application of atomic states in studying the exchange interactions
is inappropriate.
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In order for the exchange interactions to contribute to the properties of magnetic insulators all electrons
have to be delocalized, occupying molecular orbitals (6). According to the value of overlap integrals (5)
that the coeficients in (6) are defined the electrons can be viewed as delocalized to a large extent or only
around a particular cluster of atoms and intermediate bridge, but not itinerant. In both cases the exchange
mechanism is indirect and the associated effective spin couplings given by (18)-(20) are superexchange
coupling constants. In particular, relations (19) and (20) represent a particular case of, so to speak,
superexchange coupling when the one-orbital integrals (14a) and (14b) dominate over the two-orbital
ones (14c) and (14d). Therefore, the electrons are delocalized along the intermediate bridge connecting
both metal centers, occupying molecular orbitals.

To conclude, it is worth mentioning that effective spin Hamiltonians, such as (2), are an ideal
microscopic models for describing the magnetic properties of insulators. However, for insulators with
non-trivial exchange bridging structure connecting the metal centers the Heisenberg Hamiltonian may
not be an adequate model.
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